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Abstract. This paper studies the artificial outflow boundary condition for the Navier-Stokes system.
This type of condition is widely used and it is therefore very important to study its influence on a
numerical solution of the corresponding boundary-value problem. We particularly focus on the role of
the coefficient in front of the nonlinear term in the boundary condition on the outflow. The influence
of this term is examined numerically, comparing the obtained results in a close neighbourhood of the
outflow. The numerical experiment is carried out for a fluid flow through the channel with so called
sudden extension. Presented numerical results are obtained by means of the OpenFOAM toolbox. They
confirm that the kinetic energy of the flow in the channel can be controlled by means of the proposed
boundary condition.
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1. Introduction
In computational fluid dynamics, the boundaries
where the velocity is not known in advance are usually
denote by open/artificial boundaries. This situation
occurs in mathematical models of many types of fluid
flow (e.g. the flow of blood, the flow in various blade
machines, etc., see e.g.[1–5]. For instance, the accu-
racy of the dynamics of micropolar fluid depends on
the boundary conditions [6–8]. In these cases, the ve-
locity profile is rarely available in advance on the whole
boundary of the flow field, the pressure is available in
some special cases when it is measured or computed
with the aid of a reduced model. Furthermore, the
necessity of setting an appropriate boundary condi-
tion on an artificial part of the boundary becomes
also important when the computational domain is
obtained by truncating the length of the domain in
order to reduce the computational cost.
One of the boundary conditions addressing the prob-
lem of the open boundary is the so called “do–nothing”
boundary condition used e.g.by Heywood, Rannacher
and Turek in [9] (see also the so called natural bound-
ary condition [10]), i.e.,
− ν ∂u
∂n + pn = 0, (1)
where u = (u, v) denotes the velocity of the fluid, p
is the kinematic pressure, i.e., the pressure divided
by constant fluid density, ν is the kinematic viscosity
(which is assumed to be a positive constant) and n
is the unit outer normal vector to the boundary of
the considered domain. However, the condition (1)
does not enable one to control the amount of kinetic
energy in the domain if a backward flow appears on the
“open boundary” (which is the part, where the velocity
profile is not given). Bruneau and Fabri proposed in




2 (u · n)
− u = 0, (2)
as a natural modification of (1). This extension comes
naturally when the symmetric part of the convective
term is integrated by parts. The superscript “−” de-
notes the negative part (i.e. (u · n)− = −u · n if
u · n < 0, otherwise (u · n)− = 0). Thus, the in-
equality (u · n)− > 0 is satisfied only in the case
of a “backward flow” on the open boundary. This
modification enables one to prove the existence of a
weak solution, but only if the inflow velocity profile
is bounded with respect to the viscosity see e.g. [2].
The same condition is also used in [12] on a part of
the boundary. Here, the authors prove the existence
of a weak solution, under the stronger assumption,
i.e. that the inflow velocity is zero.





2 (u · n)
− u = h, (3)
where ξ is a constant dimensionless parameter and h
is an arbitrary vector function. This boundary condi-
tion, in comparison to (2), contains a correction in the
nonlinear part. The correction enables the author to
derive necessary a priori estimates of a solution in the
case of an arbitrarily large inflow. These results show
that the coefficient in front of the nonlinear part of the
used boundary condition plays an important role in
theoretical considerations, particularly in the existen-
tial theory. If it is less then 12 (which corresponds to
ξ < 0 in condition (3)) then the existence of the weak
solution is an open problem. If it is exactly 12 (which
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Figure 1. Sketch of the computational domain Ω.
corresponds to ξ = 0 in condition (3)) then the exis-
tence of the weak solution can be proved, assuming a
certain restriction of the size of the inflow velocity. If
the coefficient is greater than 12 (which corresponds
to ξ > 0 in condition (3)) then the existence of the
weak solution can be proved for arbitrary large inflow,
see [13].
In the field of numerical simulations, the problem
with the original “do–nothing” boundary condition is
well known and the modification (2) is widely used.
Our goal is to test numerically the behaviour of the
flow in the neighbourhood of the outflow part of the
boundary, in dependence on the dimensionless param-
eter ξ in front of the nonlinear part of the boundary
condition. We are especially interested in compari-
son of numerical results, obtained in the three cases,
i.e. when the dimensionless parameter is less that,
equal to, or greater than zero.
2. Mathematical Model
The stationary flow of a viscous incompressible Newto-
nian fluid is described by the Navier–Stokes equation
and the equation of continuity, i.e.,
(u · ∇)u +∇p = ν∆u + f , in Ω, (4)
div u = 0, in Ω. (5)
Here, f is a specific volume force. Since the parts of
the boundary of Ω are of different types, we impose
different boundary conditions. Concretely, we assume
that the boundary of Ω consists of four curves: ∂Ω =
Γi ∪ Γo ∪ Γw+ ∪ Γw−, see Figure 1. The curve Γi
represents the inlet (i.e. the part of boundary where
the fluid enters the considered domain Ω) and Γo is
the outlet (where the fluid leaves Ω). The curves
Γw+, Γw− are the non–permeable fixed walls of the
channel. We assume that the whole boundary ∂Ω is
Lipschitz–continuous.
We consider Dirichlet’s boundary conditions on Γi,
Γw+ and Γw−, i.e.,
u = g on Γi, (6)
u = 0 on Γw+. (7)
u = 0 on Γw−. (8)
The curve Γo represents an artificially chosen part
of the boundary, and the velocity profile on Γo is
therefore not known in advance. We consider this




2 (u · n)
− u = 0 on Γo. (9)
3. Numerical Approximation
The numerical solution of the governing system is
based on a collocated finite-volume method imple-
mented in the freely available CFD toolbox Open-
FOAM [14]. The solver uses segregated approach
and pressure–velocity coupling is done with aid of
the Semi-Implicit Method for Pressure-Linked Equa-
tions (SIMPLE) algorithm, see e.g. [15]. The con-
vective term appearing in Navier–Stokes equation is
discretized using the limited piece-wise linear recon-
struction and the viscous term is approximated using
a central scheme, see [16] or [17] for more details on
the spatial discretization.
3.1. Boundary Conditions
The boundary conditions are implemented in the usual
way, used in the finite volume framework, see e.g. [16].
Since the SIMPLE algorithm uses the elliptic equation
for pressure we need to prescribe boundary condition
for the pressure on the whole boundary of Ω. The
numerical implementation of the boundary conditions
given by (6, 7, 8, and 9) is realized as follows:
• Γi: The velocity profile u = (u(y), 0) is prescribed,
i.e., the fully developed parabolic profile is given as




where Di is inlet diameter and U denotes the mean
value of the magnitude of the velocity at the inlet.
The homogeneous Neumann boundary condition for
pressure is used;
• Γw+ ∪ Γw−: no-slip boundary condition, i.e., u = 0
and the homogeneous Neumann boundary condition
for pressure is used;
• Γo: the artificial boundary condition (3) is imple-















where p0 is the referential value of the pressure,
constant on Γo. Indices b and p denote the value on
the boundary and the internal value at the nearest
degree of freedom placed along the normal direc-






p0 dΓ = 0. (12)
This means that we are prescribing only one piece
of information on the pressure on the whole line
segment Γo.
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Figure 2. u along the boundary Γo, Re = 10, ξ <
0, ξ = 0. Long - result obtained on prolonged domain
(le = 50Di).
4. Numerical Results
The influence of the coefficient ξ is studied in case of
a flow through the channel with the so called sudden
extension, see Figure 1. The computations were done













5 of the coefficient in front of the
nonlinear term in (3). Furthermore, the computa-
tions were done for three different Reynolds numbers,
Re = UDi/ν, Re = 10, 100, 500. For an optimal
occurrence of the backward flow in the neighbour-
hood of the outlet, we used different ratios of the
sudden extension De/Di (outlet diameter / inlet di-
ameter) for each Reynolds number, namely 4, 2, 1.5
for Re = 10, 100, 500, respectively. The following data
were considered: Di = 1 m, U = 1.5 m/s, li = 1.5 m,
le = 0.5 m.
Figures 2 and 3 show profiles of the velocity u on Γo
for Re = 10, ξ ≤ 0 and ξ ≥ 0, respectively. There are
no visible differences in dependence on the varying
ξ. Figure 4 shows details of the contours of u for
Re = 10 for ξ = −0.6, 0, 0.6. One can see that ξ = 0
and ξ = −0.6 gives almost the same results, but there
is a significant difference (shift) between the contours
obtained with ξ = 0 and ξ = 0.6.
Figure 5 shows profiles of u on Γo for Re = 100,
ξ ≤ 0. Small differences can be observed for different ξ.
However, for Re = 100 we were not able to obtain any
solution for ξ > 0 due to lack of convergence. More
cases were computed (not published in this work) with
different extension ratios for ξ ∈ 〈0, 0.3̄〉 and we were
not able to find a general sharp borderline for value
of ξ. The lack of convergence seems to be dependent
on the magnitude of the velocity occurring in the
region of Γo where a backward flow occurs. Figure





















Figure 3. u along the boundary Γo, Re = 10, ξ >
0, ξ = 0. Long - result obtained on prolonged domain
(le = 50Di).
Figure 4. Detail of the contours of u, in region D, see
Figure 1, Re = 10. Black, red, blue, and green lines
indicate results for prolonged domain (le = 50Di),
ξ = 0, ξ = −0.6 and ξ = 0.6, respectively.
for ξ = 0,−0.6. One can see that there is a good
correspondence between the contours for ξ = 0 in
a “longer” domain and the results for ξ = −0.6 are
slightly shifted. This can be explained by the fact
that as ξ → 1, the boundary condition (3) converges
to the do-nothing boundary condition (1) which does
not take into account any backward flow on Γo.
Figure 7 shows profiles of u at Γo for Re = 500,
ξ ≤ 0. No virtual differences can be observed for
different ξ. Figure 8 shows a detail of the contours
of u for Re = 500 for ξ = 0,−0.6. Similar conclusion
can be made for ξ > 0 as for the case of Re = 100.
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Figure 5. u along the boundary Γo, Re = 100,
ξ < 0, ξ = 0. Long - result obtained on prolonged
domain (le = 50Di).
Figure 6. Detail of the contours of u in region D,
see Figure 1, Re = 100. Black, red, and blue lines
indicate results for prolonged domain (le = 50Di),
ξ = 0, ξ = −0.6, respectively.
5. Conclusion
Numerical investigation of the boundary condition (3),
allowing to control the amount of kinetic energy in
the domain was done. The boundary condition was
tested for different magnitudes of the inflow velocity
with respect to the viscosity, namely Re = 10, 100, 500.
From the obtained results one can conclude that if
the inflow velocity is sufficiently small then ξ can be
chosen so that ξ > 0 (ξ ∈ 〈−0.6, 0.6〉 in our simula-
tions). With an increasing inflow velocity, lack of the
convergence for ξ > 0 can be observed. From other
numerical results (not presented in this work), it is
possible to conclude that the convergence for ξ > 0
strongly depends on the magnitude of the possible
reverse velocity on the outflow and also on the size of
the backward flow area. Studying the dependence of
the backward flow area, as a subset of Γo, on multiple
parameters, e.g. inlet velocity, Reynolds number, and
extension ratio we were not able to find any sharp
general border for convergence criteria on coefficient























Figure 7. u along the boundary Γo, Re = 500,
ξ < 0, ξ = 0. Long - result obtained on prolonged
domain (le = 50Di).
Figure 8. Detail of the contours of u in region D,
see Figure 1, Re = 500. Black, red, and blue lines
indicate results for prolonged domain (le = 50Di),
ξ = 0, ξ = −0.6, respectively.
we are able to find a numerical solution is approxi-
mately Re ∈ (0, 50〉 for ξ ∈ 〈−0.6, 0.6〉. Hence, the
used numerical method converges for small inlet data
both for ξ ∈ 〈−0.6, 0.6〉. For larger inlet data, the
method converges only for ξ ∈ 〈−0.6, 0〉, where ξ = 0
corresponds to boundary condition introduced in [11].
The used numerical method does not confirm the the-
oretical conclusion presented in [13], i.e. that for ξ > 0
the existence of a weak solution can be proved for an
arbitrary large inflow, in the sense that the numerical
method does not converge in the situations described
above.
There are still relatively many open problems, con-
nected with the boundary condition (3), both in the
field of qualitative analysis and numerical computa-
tions. For example, the condition (3) can be reformu-
lated in terms of the pressure (see e.g. [18]) which can
be possibly more suitable for finite volume framework
and SIMPLE algorithm. Furthermore, it also seems
desirable to test another approach, e.g. based on the
finite element method, due to its closer relation with
the weak formulation.
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